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Abstract 

A novel formalism for the evaluation of the Casimir-Polder po- 
tential in an arbitrary gauge of vector potentials is introduced. The 
ground state energy of a neutral atom in the presence of an infinite 
two-dimensional plane with Chern-Simons interaction is derived at 
zero temperature. The essential feature of the result is its dependence 
on the antisymmetric part of a dipole moment correlation function. 



1 Introduction 

Casimir-Polder effect was predicted theoretically in 1948 [lj. Casimir and 
Polder found the energy of a neutral point atom in its ground state in the 
presence of a perfectly conducting infinite plate. In the case of a perfectly 
conducting plate one can say that the interaction of a fluctuating dipole with 
the electric field of its image yields the Casimir-Polder potential. 

In response to the external electromagnetic field the atom emits the elec- 
tromagnetic field propagating from the atom. This electromagnetic field 
propagates to the plate, reflects from the plate so that the boundary condi- 
tions on the plate are satisfied and returns to the atom. The equation for 
normal modes of the system can be written if one determines the reflection 
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matrices of the plate and the atom. The ground state energy of the system 
can be defined then as the sum of the eigenfrequencies of the normal modes 
of the system. This sum can be evaluated by making use of the argument 
principle if the equation for normal modes of the system is substituted into 
it [21 [31 S] . 

An equivalent mathematical description is the use of Green's functions of 
the system. This technique was first applied to the Casimir effect by Lifshitz 
[5]. An alternative derivation of the Lifshitz formula in the framework of 
scattering technique was first given by Renne [6] . Recently, various scattering 
techniques were applied to the evaluation of the Casimir energy for different 
geometries (see Refs. [I], [I]- [33] for details). 

The Casimir-Polder effect was studied theoretically for various geome- 
tries: two parallel plates [H], a wedge [15], a dielectric ball [16J, and other 
geometries. The first experimental measurements of the Casimir-Polder ef- 
fect were performed in the wedge geometry [17]. One can find a review of the 
results in |18j . Scattering techniques for the Casimir-Polder effect in terms 
of reflection matrices were recently developed in the Refs. [12], [20J. 

In this paper we present a novel theoretical formalism for the Casimir- 
Polder effect by making use of Green's functions technique. In this formalism 
the atom is described by the neutral point dipole source. We assume that 
the atom creates a dipole field in response to the external electric field, we do 
not consider the contribution of higher multipoles. The point source interacts 
with vector potentials of the electromagnetic field in a gauge invariant way. 
Our formalism for the Casimir-Polder effect is applicable in an arbitrary 
gauge of vector potentials. 

In the Casimir-Polder effect the correlations of spontaneous dipole mo- 
ments at different moments of time are important. Because of the fluctuation- 
dissipation theorem they are related to the polarizability of the atom in an 
external electric field. In the most general case the polarizability of the atom 
includes frequency dependent symmetric and antisymmetric parts [21, 22J. 
The contribution of the antisymmetric part of the atomic polarizability to 
the Casimir-Polder energy was equal zero in the Casimir systems that were 
considered in literature before [2"5| [21] . In the current paper we present an 
example of the Casimir-Polder system where the contribution of the anti- 
symmetric part of the atomic polarizability is different from zero and leads 
to a measurable effect. 

Boundary Chern-Simons terms in the Casimir effect were considered in 
Refs. [25]) [26] . In this paper we derive the zero temperature formula f T2T)]) 
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for the Casimir-Polder interaction of a neutral polarizable atom in the pres- 
ence of an infinite two-dimensional plane characterized by the Chern-Simons 
action. Outside the plane the standard action for the potentials of the elec- 
tromagnetic field is considered. A distinctive feature of our main result ( 129]) 
is its dependence on the antisymmetric part of the atomic polarizability. The 
result for the potential may be applied for the experimental studies of the 
Casimir-Polder effect for two-dimensional materials such as graphene [2"7] |2"5] 
or quantum Hall effect systems. 

We adopt Heaviside-Lorentz units and put h = c = 1. 



2 Model 

In our model the interaction of the plane surface with a quantum electro- 
magnetic field is described by the action: 

S(A) = -~F lxu F^ + S def (A), (1) 
where = d^A v - d v A^ and 

S def (A) = a [ e a ^ 3 A a (x)dpA 7 (x)6(x 3 )dx. (2) 



We will use Latin indices for the components of 4- tensors with numbers 
0, 1, 2, and also with the following notations: 

P lm (k) = g lm - k l k m /k 2 , L lm (k) = e lmn3 k n /\k\, k 2 = kl-k\- k 2 2 , (3) 

where \k\ — yk?, and g - metric tensor. The atom is modeled as a localized 
electric dipole at the point (xi,^,^) = (0,0, 1), which is described by the 
current J M (x): 

3 

J (x) = ^p i (t)d i 5(x 1 )5(x 2 )8(x 3 - I), (4) 
i=i 

Ji(x) = -p i (t)5(x 1 )5(x 2 )5(x 3 - I), i = 1, 2, 3. (5) 
The condition of the current conservation holds: 

<V M = o, 
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Pi(t) is a function with a zero average and the pair correlator 

/+oo g-iwfo-ta) 
a jk {u)du, (6) 

where a.jk{oj) for w > coincides with the atomic polarizability. The aim of 
our paper is to calculate the interaction energy E of the atom with a plane, 
and we will use the following representation for the energy: 

E = i ( <j In / exp (iS(A) + J A) DA — In / exp (iS(A)) DA} ) , (7) 



T 



{• • • }( a ) means that the a = value of the a-dependent function has to be 
subtracted: {/(a)}( ) = /(a) - /(0). 



3 Propagator of the electromagnetic field 

Integrals in the right hand side of (J7|) are gauge invariant and there are 
no restrictions on gauge fixing in them. To perform the calculations it is 
convenient to choose the Coulomb like gauge doA° + diA 1 + d^A 2 = 0. In 
this gauge the action S(A) can be written as follows [29J : 

S(A) = ~ J A{x)KA{x)dx = 

= l - j '{A*(k,xz)K L A(k,x z ) - A* 3 (k,x 3 )k 2 A 3 (k,x 3 )}dkdx 3 . (8) 

Here 

K L = -P[dl + k 2 } - 2i\k\aL5(x 3 ) , (9) 

P and L is a brief way of writing P lm and L lm . Our model of a two- 
dimensional plane is translation invariant along the coordinates Xq,xi,X2- 
This is why for the propagator 

D(x,y) = i1C~ l (x } y) 

it is convenient to use the Fourier integral representation 

D(x,y) = j±y 3 J D(k,x 3 ,y 3 )e rk ^dk 
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for which D(k, x 3 , y 3 ) can be found. We denote g q (z) the Green's function of 
a differential operator d 2 + q 2 : 



[dl + q 2 }g q (z - z') = 5(z - z>) 

e *l<?IM 

—i — r~r ■ 

2? 



By making use of the tensors P^ u , L^ v introduced in ([3]) we define 

a 2 P^ v + aL^ g\^(x 3 )g^(y 3 ) 



G^{q;x 3 ,y 3 ) = -i 



g\q\{xz-yz)P» 



1 + a 2 g m (0) . 

With the help of identities 

p 2 = p, L 2 = -P 2 , LP = PL = L 
it is easy to check the equality 

K ± G(k;x 3 ,y 3 ) = i5(x 3 - y 3 )P. 
Hence in a selected gauge the propagator D^ v (k, x 3 , y 3 ) has the form 

D 33 (k,x 3 ,y 3 ) = ^-S- V3 \ D l3 (k,x 3 ,y 3 ) = D 3m (k,x 3 ,y 3 ) = 0, 



(10) 
(11) 

(12) 
(13) 



\k\ 2 

Di m (k, x 3 , y 3 ) = Gi m (k, x 3 , y 3 ) 



where I, m = 0, 1, 2, and 



Pim(k)Vi(k,x 3 ,y 3 ) + Li m (k)V 2 (k,x 3 ,y 3 ) 



2\k\[l + a 2 



Vtik^^ys) = a 2 e^ l(NI+l?/3l) - (1 + a 2 )^ 11 ^ 31 , 
V 2 (k,x 3 ,y 3 ) = ae imx ^ +M) . 
After the integration over the photon field we obtain 



In 



/ exp {iS(A) + % J A} DA 



(a) 



(14) 



(15) 



(16) 



/ exp {iS '(A)} DA 

where {-D}( a ) = D — D\ a=0 . Thus for the energy E, which is defined by the 
right hand side of (EJ), we obtain the following expression 

.(J{D}(a)J) 



E 



2T 



17) 



which we are planning to evaluate now. 
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4 Potential of the interaction 

Because of (|T4|) the propagator {-D}( a ) has the form 

p}S(£,*8,ifc) = P}g)(£*3,i&) = Pffi&afc.ife) = 



P ^(fe)a 2 + L^ a^g m:C3|+ | Mn , _ _ n , n (18) 
2|£|[l + a 2 ] 



{D}\^k,x 3 ,y 3 ) = ^ }Z t a e^^\ l,m = 0,1,2. 



The potential V(l, a) of interaction of the Chern-Simons plane and the electric 
dipole Pi(t) described by the current defined in (J4]), ([5]) can be written as 
follows: 



V(l,a) = - l -J{D} (a) J 



r _ e i(k {t-t')+2i\k\) 

/ dkdtdt' - F(a,k,t,t'). (19) 

J \k\ 



4(2tt)3[1 + a 2 ] J \k\ 
We introduced the notation 

' 2 



a 2 



.1=1 / \i=l 

2 / 2 



' 1 (20) 



— 1 

3=1 \i=i 

+ 1 - p s (t)\k\\ Y^p,{t')[a 2 P^{k) + aL^{k)} + 

\i=i J j=i 



+ Mt)P3(t')[a 2 P t3 (k) + aL ij (k)}. 

Because of a definition 

P 00 (£) = fc P = ^ + P '(£) = P»(£) = i ^ 0, 

so integrating by parts the time t we can make the substitutions p(t) — > 
—ik p(t), p{t') ik p(t') in (jTJJJ), and due to independence of pit) from the 



6 



momentum k we can also make the following substitutions in the integral: 



.2 2 



J2 Pt (t) Pj (t')W -> ^^(t)^(t'), ( )p 3 (t)\k\ -+0. 



2 

ij=l i=l \i=l 



As a result the function J 7 (a, k, t, t') (T20]) in the integral ( ITS]) is changed to 
g(a,k,t,t') = -a 2 frpi{t)PiV)Y - Ps(t)P3(t')\kA ^+ 



pEPi(«o-iPi*)xpio]3^ 

fc 2 , =1 Ifcl 



+ A 2 £>(%(*') (-1 - J) + [pit) x p(0]3^| 



(21) 



a 2 



i=i 



5>(f)ft(0 + *&*(*)j*(0 



+ 



+ a/c |£|[pT» x*%- 

Now we perform the Fourier transformation of Pi(t), Pi*(ko) = Pi(—k ), then 
( IT9l) can be written 

/i2l\k\ 
*V H(o,S) ' (22) 



where 



2 ^ 2 



i=l 



E^OoKOo) ( y - k o) + k 2 P P3(ko)pt(k ) 

+ak \k\[p(k ) x p*(A; )] 3 ■ 



(23) 



This result can be simplified after performing in ([22]) the integration over 
hi, k<i. Our task is to integrate the expression of the form F(kp) over k\, k 2 - 
The following formula is valid: 



/+oo /*+oo /*oo 
/ F(k 2 P )dk 1 dk 2 = n / F(fc)dfc. 
-oo J —oo JO 



The three integrals need to be evaluated: 

e ia ^k 2 P dhdk 2 r , , x f +ao f +ao e^dhdh 



oo ;-+oo 



h(a,k ) = 

I 3 (a,k ) = 
We get 

fc ) = 7T 

= 2tt 
J 2 («, &o) = 7T 



OO — OO 

+00 /*+oo 



1*1 

e ia ^dk x dk 2 . 



/+00 
/ 
■00 J —00 



\k\ 



00 •> —00 



7r|A;o| 



+00 e ia|fc |v^Pprf p 



+00 e ia^f~p pdf) 

V k o~P 

e Hfco| v / T^(2i + 2a|A; | v ^^p + iap\k \ 2 ) 



= -2ni 



-e <a|*ol2(l -ia\k \) 



or 



+00 e i av ^; rfp 



\Ao - P 

+00 



7r|/c 



+00 ia\k \^l-p 



pdp 



V^P 



= 2m- 



e ia\k \^/l-p 



a 



= -2m- 



a 



I 3 (a, k ) = n / e ia V^ p dp = vr|A; | 2 / e^^^dp = 
Jo Jo 



2m 



e i a \k \vi^^ + a \k \^/T^p~) 



cr 



= -2m- 



^(i + alkol) 



a" 



Thus, we derive the potential of interaction of the electric dipole with a 
plane: 



V(l,a) 



a 2 Qi(Z) + aQ 2 (l) 



128tt 2 [1 + a 2 ]P 



2173 ' 



(24) 



where 



Q 



/+00 
-00 



o 2il\k \ 



(1 - 2il\k \ - 4l 2 \k \ 2 ) J2 Pi (k ) P *(k )+ 

i=i (25) 

+2(l-2il\k \) P3 (k ) P l(ko)]dk , 
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Q 2 (l) = i \ e 2i 'l fc °l(l - 2il\k \){-2l\k \)e{ko) [p(k ) x p*{k Q )} 3 dk , (26) 



and here e(ko) = k /\k \. The functions Qx, Q 2 can also be written as 
integrals over the positive frequencies 



poo " 

Q^l) = -2 e 2iluj (1 - 2iltu - 4/V) S"p i {u)p*{u) + 
Jo 1 i=i 

+2(1 - 2ilu)p 3 (uj)p* 3 (uj 



(27) 



doj, 



/■OO 

Q 2 (l) = 2 e 2iluj (l - 2iluj){-2ilu) \p{u) x p*(u)] 3 du. (28) 
Jo 

By making use of ([6]), ( |T7j) . ( |T9l) . ( 1241) and rotating the contour to the imagi- 
nary axis we obtain the ground state energy of a neutral atom in the presence 
of a plane with Chern-Simons interaction: 



/ + OO 
due- 2w \l + 2ul + 4w 2 / 2 ) (a n (iu) + a 22 {ioo)) 



+00 



+ „, 1 2/21 - 2 / rfwe- 2oj/ 2a;(l + 2a;/) (ai 2 (iw) - a 2 i(«w)) 



(29) 



647r 2 / 2 l + a 2 J 

It is worth discussing physical consequences following from (1291) . The 
expression ff29l yields the well known Casimir-Polder potential [1] in the 
limit a — > +00. The part of the formula (129]) with diagonal matrix elements 
of matrix ajk{ioj) is equal a 2 / (1 + a 2 ) times the Casimir-Polder interaction of 
a neutral atom with a perfectly conducting plane. The last line of the formula 
( |29l) is odd in a and contains the antisymmetric combination of off-diagonal 
elements of the atomic polarizability. When one can neglect the contribution 
of off-diagonal elements of the atomic polarizability (see a discussion below) 
the Casimir-Polder interaction of an atom with a Chern-Simons plane is a 
fraction a 2 /(l + a 2 ) of the corresponding Casimir-Polder interaction with a 
perfectly conducting plane. 
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It is interesting to analyze the contribution from the off-diagonal elements 
of the atomic polarizability to the potential (I29p in more detail. The atomic 
polarizability can be expressed in terms of dipole matrix elements (30] : 

a = f (0\d 3 \n)(n\d k \0) + (0\d k \n) (nj^|0) \ ^ 

cu n o is a transition energy between the excited state |n) of the atom and 
its ground state |0), d is a dipole moment operator in the Schrodinger 
representation. The symmetric ot^ k {uj) and antisymmetric af k (co) parts of 
oijkiuj) = aij k (u) + Oif k {uj) can be written as follows: 

a %( u ) = 2^ —2 — 7lr = ( 31 ) 

a » = E ^ J = ( 32 ) 
Af£ = (0| tZj \n){n\ d k \ 0). (33) 

From ([3"2"j) and ([3"3"j) it follows that the contribution of a^.(u;) to the potential 
( |29|) is different from zero when matrix elements of a dipole moment operator 
have imaginary parts. 

Consider the system with a nonzero a^ k (oj) and assume for simplicity the 
one mode model of the atomic polarizability with a characteristic frequency 
uj\Q. Then af 2 (co) = 2cjC 2 /(2(u; 2 — oo 2 )), where C 2 is a real constant. In the 
limit of large separations u±qI > 1 we obtain from (129]) 



p. a 2 an(0) + a 22 (0) + Q 3 3(0) a C 2 

Ul * >>1_ 1 + a 2 32tt 2 Z 4 1 + a 2 32 7 r 2 a; 1 2 ^ 1 j 

At large enough separations the first term in (jMj) always dominates. Assum- 
ing for simplicity an(0) = a 22 (0) = 033(0) = Ci/(3u;io), C\ is a positive 
constant, one can see from ( 1341) that if the condition < 1 holds then 

for separations I < , — the term with off-diagonal elements of the atomic 

v ~ |a|Ciwio to 

polarizability (the second term in (j34j) ) dominates. 
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In the limit of short separations (b = <C 1) we obtain from (129 j) 



a 2 r+oo 



E\uoiKi = - 64^2/3 i + a 2 j duj \ a ^ iuJ ) + 022(«w) + 2a 33 (iiw) 

' 1 - -b + 26 2 - -b 3 + . 



32n 2 P 1 + a 2 \ 2 2 
1 / a 2 _ 7r 



Ci- + for 6 0. (35) 



327r 2 / 3 Vl + a 2 1 1 + a 2 

From (j35p it follows that if the condition T^rf < 1 holds, then the term 
with off-diagonal elements of the atomic polarizability dominates in ( )29l) in 
the limit of short separations. Thus, if we consider the one mode model 
for the atomic polarizability and the criterion \a\ < holds, then the 
antisymmetric part of the atomic polarizability plays a dominant role in the 
interaction of the atom with the Chern-Simons plane. 



5 Conclusions 

In the framework of quantum electrodynamics we consider a model with the 
Chern-Simons action on a two-dimensional plane having one dimensionless 
parameter a, which describes properties of the material. The formula ( l29l) 
for the energy of interaction of a neutral atom (molecule) with fluctuations 
of vacuum of the photon field in the presence of a two-dimensional plane 
with Chern-Simons interaction is derived. In the limiting case a — > +oo the 
result coincides with the Casimir-Polder result for the energy of interaction 
of a neutral atom with a perfectly conducting plane. The essential feature 
of the result (12 9 j) is the term depending on the antisymmetric part of a 
dipole correlation function for finite values of the parameter a, we derive 
a criterion of its dominance in terms of imaginary and real parts of dipole 
matrix elements of the atom and the parameter a of the Chern-Simons surface 
term. 

We expect quantum Hall effect systems and graphene to be the most 
promising known materials for the measurements of the potential derived in 
this paper. The Casimir-Polder effect provides a recipe for direct measure- 
ments of the parameter a in such materials, which can be relevant for better 
understanding of quantum dynamics in these systems. The measurements of 
the antisymmetric part of the atomic polarizability by means of the Casimir- 
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Polder effect can be an independent possibility for study of antisymmetric 
parts of atomic polarizabilities in various atomic and molecular systems. 



Acknowledgements 

This work was partially supported by the Grant Nos. RNP 2.1.1/1575 and 
RFBR 07-01-00692-a. V.N.M. was also supported by DARPA Grant No. 
N66001-09- 1-2069. Yu.M.P. was also supported by SORS Research, a.s. 

References 

[1] H.B.G.Casimir and D.Polder, Phys.Rev. 73, 360 (1948). 
[2] K.Schram, Phys.Lett.A 43, 282 (1973). 

[3] Yu.S. Barash and V.L.Ginzburg, Sov. Phys. Usp. 18, 305 (1975). 

[4] A.Lambrecht and V.N.Marachevsky, Phys.Rev.Lett. 101, 160403 
(2008). 

[5] E.M.Lifshitz, Zh.Eksp.Teor.Fiz. 29, 94 (1955); E.M. Lifshitz, Soviet 
Phys. JETP 2, 73 (1956). 

[6] M.J.Renne, Physica 56, 125 (1971). 

[7] A. Bulgac, P. Magierski, and A. Wirzba, Phys. Rev. D 73, 025007 
(2006). 

[8] T. Emig, N. Graham, R. L. JafTe, and M. Kardar, Phys. Rev. Lett. 99, 
170403 (2007). 

[9] O. Kenneth and I. Klich, Phys. Rev. B 78, 014103 (2008). 

[10] K. A. Milton and J. A. Wagner, J. Phys. A: Math. Theor. 41, 155402 
(2008). 

[11] A.Lambrecht and V.N.Marachevsky, Int.J.Mod.Phys.A 24, 1789 (2009). 

[12] H-C. Chiu, G.L.Klimchitskaya, V.N.Marachevsky, V.M.Mostepanenko, 
and U.Mohideen, Phys.Rev.B 80, 121402(R) (2009). 

12 



[13] S. J. Rahi, T. Emig, N. Graham, R. L. Jaffe, and M. Kardar, Phys.Rev.D 
80, 085021 (2009). 

[14] G.Barton, Proc.R.Soc.London Sect. A 410, 175 (1987). 

[15] I.Brevik, M.Lygren, and V.N.Marachevsky, Ann.Phys. 267, 134 (1998). 

[16] V.N.Marachevsky, Phys.Scripta 64, 205 (2001); V.N.Marachevsky, 
Theor.Math.Phys.l31(l), 468 (2002). 

[17] C.I.Sukenik, M.G.Boshier, D.Cho, V.Sandoghdar, and E.A.Hinds, 
Phys.Rev.Lett. 70, 560 (1993). 

[18] S.Y. Buhmann and D.G. Welsch, Progress in Quantum Electronics 31, 
51 (2007). 

[19] R. Messina, D. A. R. Dalvit, P. A. Maia Neto, A. Lambrecht, and S. 
Reynaud, Phys. Rev. A 80, 022119 (2009). 

[20] P. Rodriguez-Lopez, S. J. Rahi, and T. Emig, Phys.Rev.A 80, 022519 
(2009). 

[21] L.D.Barron, Molecular light scattering and optical activity (Cambridge 
University Press, Cambridge, England, 2004), 2 ed. 

[22] I.B.Khriplovich, Parity Nonconservation in Atomic Phenomena (Gor- 
don and Breach, Philadelphia, 1991). 

[23] M.Bordag, U.Mohideen, and V.M.Mostepanenko, Phys.Rept. 353, 1 
(2001). 

[24] M.Bordag, G.L.Klimchitskaya, U.Mohideen, and V.M.Mostepanenko, 
Advances in the Casimir effect (Oxford University Press, Oxford, 2009). 

[25] E. Elizalde and D. V. Vassilevich, Class. Quant. Grav. 16, 813 (1999); 

[26] M. Bordag and D. V. Vassilevich, Phys. Lett. A 268, 75 (2000). 

[27] I.V.Fialkovsky and D.V. Vassilevich, J.Phys.A: Math.Theor. 42, 442001 
(2009). 

[28] M.Bordag, I.V.Fialkovsky, D.M.Gitman, and D.V. Vassilevich, 
Phys.Rev.B 80, 245406 (2009). 

13 



[29] V. N. Markov and Yu. M. Pis'mak, |hep-th/050521~8~t J. Phys. A 39, 6525 
(2006). 

[30] V.B.Berestetskii, E.M.Lifshitz, L.P.Pitaevskii, Quantum Electrodynam- 
ics (Butterworth-Heinemann, Oxford, 1982), 2 ed., Vol. IV. 



14 



